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1. Introduction

()-background deformation [Moore-Nekrasov-Shatashvili]

()-background for N' = 2 theory (+ 6D N = (1,0) theory)

= 6D curved background + SU(2) R-symmetry Wilson line
for deformation to preserve SUSY

e 6D Q-background metric (on R* x T?)
ds® = 2dzdz + (da* + Q" 2, dz + Q" x,d2z)?.

Here constant antisymmetric matrix Q#¥ and Q*” commute with
each other.



Hence they can be taken of the form

[0 ¢ 0 0) [0 & 0 0)
qu_ L |—e 00 0 qu_ L |—a 0 0 0
2721 0 0 0 —e 22| 0 0 0 —-&

\0 0 e 0 ) \o 0 & 0 )

o )y — Q, Q%= (gauge transf.) + (U(1)? rotation by €;,€2)

e So=Qo=0 > S=Q==Q(Zg+---)

equivariant localization = exact computation of path integral

e Nekrasov partition function



Generalization of 2-background for N' = 4 super Yang-Mills theory
[Ito-H.N.-Saka-Sasaki], [lto-H.N.-Sasaki 2012]

generalized (2-background
= 10D curved background + SU(4) R-symmetry Wilson line

In 10D, SU(4) = SO(6) R-symmetry is the subgroup of local
Lorentz symmetry (No R-symmetry in 10D SYM).

= contribution to spin (and Affine) connection (~ torsion)

= deformation of parallel (or Killing) spinor equation

~ 1
Vm(=0 — Vpmu(= (VM—FzAM,NpFNP)C:O.

Classification of parallel spinors — supersymmetry in the theory
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2. ()-background and SUSY condition

()-background for N' = 2 theory
= 6D curved background + SU(2) R-symmetry Wilson line

generalized €2-background
= 10D curved background + SU(4) R-symmetry Wilson line
(con)torsion

e 10D metric for generalized Q-background (on R* x TY)
dsiop = (dz* + QFdx®)* + dx®dz®, QF = QF .2

Here €, = —{2,,,, are constant and commute with each other.
(i, v, .. .: 4D indices, a, b, . . . : 6D indices)
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R-symmetry Wilson line: Ap. = Ay pedz®, Agpe @ constant

1
2v/2

Action

1 1 1
4 v F . QY
SQ — /d €T /{_'QQTI [ZFNVFM + §(D,u90a T ,LLl/gZCl,)2

1
+7 [[%, o] + i Dyppy — i Dypq — i F,

2
— (A — Ab’ac)%} n (fermions)] .



e parallel spinor condition and topological twist
9,¢ =0, i(ﬂwrw/ + A pc") ¢ = 0.
—> 4D and 6D rotation should be canceled.
Qe € U(1)L x U(1)r C SU(2)L x SU(2) k.
In order to cancel 4D rotation, we restrict the contorsion s.t.

Aa,bc ~ U(l)L/ X U(l)R/ C SU(Z)L/ X SU(Q)R/ C SU(4).

cancellation of U(1) charges = topological twist



SUSY condition can be solved for each topological twist.
(We assume generic €1, €5.)

e half twist (SU(2)g ~SU(2)r)) = N =27 theory
parameters : €1, €2, €1, €2, m, m  (m, m: N = 2" mass)
one scalar and one tensor supercharges are preserved.

e Vafa-Witten twist (SU(2)gr ~ diag(SU(2)rxSU(2)r/))
parameters : €1, €9, €1, €, €1, €2, €1, €9

two scalar and two tensor supercharges are preserved.

e Marcus twist  (SU(2)r ~ SU(2)r/, SU(2)r ~ SU(2)r/)
parameters : €1, €2, €1, €5 (special case of half twist)

two scalar and two tensor supercharges are preserved.
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3. Off-shell scalar supersymmetry
(a) half twist (N = 2* theory)

A, — Ay, a — (0, P, ¢
AL = (A, AD), AS — (A, A, A%)

A, and Aé need auxiliary fields for off-shell closure.

auxiliary fields

QA/_\,UJV — _2F/J,_I/ — i(a-ul/)ﬁd[@dAa @Aﬁ] - 2D;w
QAf = \/i(gﬂ)adDmpdA T 2K&4-



Algebra of scalar supercharges

QZ — 2\/5( 5gauge(§0) + 5Lorentz(€17 62) + 5ﬂavor(m) )7
Ogauge(®) : gauge transformation by ¢.
OLorentz(€1, €2) : U(1)r x U(1) g g rotation by parameter €1, €s.

dfavor(m) : U(1), rotation by parameter m.

The action S is written as Q-exact form up to the topological term:

= 4 %
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(b) Vafa-Witten twist  [Vafa-Witten|, [Dijkgraaf-Moore], etc.

AM%A,UJ Spa,_>( 9 7@7 _V)7

P P
AL — (A, Ay, A% — (A A

A

A Ay, Az, and A7

1%

need auxiliary fields for off-shell closure.
— auxiliary fields: K, D,

Algebra of scalar supercharges

Q — 2\/_( gauge( ) + 5Lorentz(€17 62) )7
é — _2\/_( gauge( ) + 5Lorentz(€17 62))
{Qa é} — 2\/5( 5gauge(¢) + 5Lorentz(é17 é2) )
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The action is written in the exact form with respect to the two
scalar supercharges simultaneously:

N 1 1 ~
e s [ZFWFW] |

kg
Here
F = /d4a: —Tr 1y P E, + A““A ,,+1 LA ' P [P’ )
22" g g 24[ .
* 16\/§¢W(Qp’uaDp95ua — Qp’uaDprua o iqu,pa@pa + iﬁpa,pa@w)
3 Qleswvl [ A | iA A A
T o/s (ptvp] T g BBl ]

~

) _— 0-7 —_— _— —_— P
O, =0 25, Q212 = =234 = ——ﬂél, (3412 = —Sl3434 = —ﬂEQ-
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(c) Marcus twist (GL twist)  [Marcus|, [Kapustin-Witten]

A,LL — A,ua SOCL — ( 7(70u)7

P, P
AL — (A, A, Al A% — (A, A AL

A, A, A, and /_\;W need auxiliary fields for off-shell closure.

— auxiliary fields: K, K:[,,, D,

On-shell algebra of scalar supercharges

Qz — QQ — 2\/5( 5gauge(gp) -+ 5Lorentz(€17 62) )7
1Q,Q} =0.

The first equation holds off-shell but the second does not hold
off-shell on the fields Af, and A,,.

13



linear combination of scalar supercharges  [Kapustin-Witten]

Q=u@Q+vQ, u,veC,

Q2 — 2\/5(”&2 + U2) ( 5gauge(gp) + 5Lorentz(€17 62) )

The above algebra holds off-shell.
O-exactness of the action

o u? + v? #£ 0 case

1 u? — v? ~
__ A %
S = (Q-exact term) + /d T —/{ngr [4(u2 - UQ)FWFM .

o u? +v? =0 case
S = (Q-exact term) + (OQ-closed term, not Q-exact).
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Relation among three topological twists

half twist

m=1(e1—e2)

Marcus twist

Vafa-Witten twist

m=1(e1+e2)

¢;=&=0 (i=1,2)

half twist with m =

1

4

(€1 + €2)

— Vafa-Witten twist with ¢; = &, =0

cf. [Pestun], [Pestun-Okuda], etc.
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4. Summary

summary

1. We have constructed off-shell scalar supercharge(s) in -
deformed N = 4 super Yang-Mills.

2. The action is written as the exact form with respect to the

supercharge(s) up to the topological term except the case of
Marcus twist with ©? 4+ v? = 0.
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future work

e Nekrasov-Shatashvili limit, enhancement of (off-shell) SUSY

e extension to more complicated backgrounds
[Festuccia-Seiberg|, [Dumitrescu-Festuccia-Seiberg],

[Hama-Hosomichi], [Klare-Zaffaroni] etc.
e auxiliary field formalism in 10D [Berkovits|, etc.

e embedding to superstring/SUGRA

R-R 3-form (in instanton (D(—1)) effective action)

[Billo-Frau-Fucito-Lerda], [Ito-H.N.-Saka-Sasaki],
[Antoniadis-Florakis-Hohenegger-Narain-Zein Assi|, etc.

(cf. [Hellerman-Orlando-Reffert], [Reffert], [Nakayama-Ooguri])
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